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Abstract

In this report the equaticns of metion of a satellite
spinning around its center of mass are solved with the help
of Lie series technique which has proved its usefulness in
a series of problems connected with the soluticn of differen-
tial equations in the past few years, The satellite is assumed
to move on an elliptic orbit in which case the external torques
have a more complex form than in the circular case. The ne-

glect of several types of external forces is motivated.




1) Introduction.

In Report No.13 we derived equations of motion describing
she motion of a satellite about its center of mass. In. Report
No.14 these equations were solved by a recurrence formula tech-
nique under the assumption of a circular orbit. In this report
we shall treat elliptic orbits. In this case the torques N1, N2,
N3 are more complex than in the gase of the circular orbit.

As shown in Rep.13 %he géheral expresasion for the torques
in the (%,W],j }-frame, i.¢., the system whose origin coincides
with the spinning center of the body and whose ?-axis lies in

the direction of the radius vector from the center of earth to

“e gatellite, is given by the following expression:
N=zl:_1_'ixgi =21 {-?—iXFei'mi-‘r-ix-a& +

+mr x (r xJ ) +2mr; x (x; x) +

; R I
+ o, X (g_ X (5& X‘J)XE - . (1)

»here the sum is extended over all mass points of the satellite.
'«.. is the angular velocity';f the origin of the (%,\,§)-frame
about the earth, ¢ the corresponding angular acceleration, and
< uhe translatory acceleration §f the (i,n,g)-frpme. ¥; is the
translatory velocity of a mass‘point m, with respect to the

frame (%,vbt). Final, F, means the entirety of external forces
acting on the gatellite; ry is fhe vector point from the (?,y,%)-

origin to the mass point m .



The following illustration will help to clarify the si-

tuation:

earth's center

We shall now discuss the individual terms of Eq.(1):

a) I, x g;i:

z%i is the sum of all external forces, with

Eei = Eoy * Egy + Epy + By + By + Egy + Egy
where

CE By =By

(E;i is the gravitational force due to an exactly spherical
~earth; E,; is the correction due to deviations from spherical
shape; g means. gravitational).

The forces~F2(drag force), F3(radiation pressure ), F4(gravity of
sun), Fs(gravity of moon) and Fg(magnetic field, ed«ly current,
etc.) are not considered in this report.

As was shown in Report. 13, the term I, x zﬁi due to the




gravitational force reads for circular and elliptic orbits:

xF . =1 2y 0. v,5. = 1_2—573 mi?ifi

r! =R+ 1

(see Fig.1)
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where f is the gravitational constant and mn the mass of the earth.

b)E:.m r, x a2 = 0 if we assume that the origin of the (¢} ,n,f)-

frame is the mass center of the body

= 0 for a circular orbit
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for a circular orbit
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for an elliptic orbit.
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+ mi£*&>-qi%i

for both circular and elliptic
" orbits (for all these relations

see Report 13)

The equations to be studied have the following form:

'3

and

- -2 2

5 b - ¢ B15)
- % x EC(B1 + Bz) - §3 b -
- i% (-1 + Béézf- céB%) - ?2055 (B1 +:32) + ;%-% +
+-§—z=§ (1a)
ﬁzbﬁ(-3152 + Bzcz) + éﬁcE'(£1 +;§2) _”“
- bey {1 +:3162 = BZGQ} + Tx (B1 + B,) cc + ﬁ} c -
- ;f c L (1%)

2. - .2 - 2 22, S 2 2
) BBCC +3g ce (__—B3b + b (B1 + B,)) +%‘- (1 + b B3(c -

-2 2 -2 2 el =
-¢7)) +b (qu - ¢"B,) + vxbee (B, + By) +
e =2 2 B N3 N5 Mg
+3x B,¢ - B,¢ - 1)‘. = 4 -—_ . == £ 27 (10)
2 1 .
b I3 I1 b 5 b

where\f,x,fﬁare the Bulerian angles, Ni the external torques, and

vhe Bi abbreviations for:
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T T )
_ =23 _ 31 .12
Br=1, Bas I, ' %3 ° I, (2)

The I, are the main moments of inertia, Bi’ Ii’ Tij are constants

, \ 2
and Tij = Ti - Tj’ where T Xl dm, ; = 1,2,3, X'1 are the

17
coordinates fixed with respect to the body.

As shown in Report {3, the a, b, c; 5,}5, ¢ are trangcendental
functions of the Eulerian angles forming the components of
matrix A which transforms from fhe body-fixed (X, Y, Z2) to the
rigid rotating (%;v;;)—system,«i.e.:

/ \

o -

ca - cab, -cab « ca, ab

A = !\Ea + cab, cab - ca, -ab (3)
\ e, % , b/
/
with
a = sin f,‘ b = sin ¥ ¢ = sin ¥
: (4)
a = cos ¢, b = cos c = cosy
The torques Ni are given by:
2 1'
N, = (3a32a33 - 322a53) T23 + 2c>(T3 23 6, - Toas, 3) + Ny

2
N, =°(3
2 854833 = a21a23) T31 + 2 >(T 2193 3 23 1) + Ny

2
Ny =« (350855 = ap48,,) Tyy + 2°J('T132192 + Toap8,) + Ny,

where- the N.e are the additional terms due to (5) orbit ellipti-

city, such that

=
[
=
+
=

N, = N2c * N?e (58)



where "c¢" means "circular" and "e" "elliptic".
The additional terms Nie are given by:

3 -1.

Nie = k5 (a3850 7 + 8138,3T5) 29y +; - (312 2 * 315 T5) -
(a32T + a35 3) - 20 (ay08,, ) + 85,8 22T + a23 23 3)+
© (a8 Ty 4 ag580,T, + a13 13803) +
'+ 2&;(a31é31f;+ a32 3270 + a33 33T B)J a5y +

+ W (332a22T2 + §33a23T3) 834

v ' LT 2
Npe = 165 (ay93p9Ty + 845955 T3) 215 5 ,

. 2 2
- (a31'1‘1 + a33T3) -

- 2&)(3 T T

21804Ty + 858,551, + ay3d,35T5) +

+ 20 (a1,8,4Ty + ay58Ty + ag3d,5T5) +

* 2u(a31 31T1 + a32é32T2 + a35é33T3)J 85y +
o [(agrapyy + agapss) ] oy
and -

= {3 ‘-"2 2 -
N36 PU (a11a21T1 + a12a22T2 Byg +i =0 (aHT1 + a12T2)
2 .. L3 A
W (a51 1+ 85pp) = 2 o(ap AT+ ags8aTy ¥ 2557 ,5T3) +
+ 20 (48, Ty + a,58,,T) + 8,58,5T3) + 20 (a8, +

+ a32é32T2 + a33 33 3)‘ a, +d (a31 24Ty + a52a22T2)'a33




The time derivative of the transformation matrix is given by:

/

/—cg,i—aa{;—'éaﬁi-cis'{ﬁcabé; cabR-3aBp+3abe-3alroap; Ebp+abd

/ .
- ——" —— - ey = ey mmna - - -
A =i -cai+ca@+cabi—ca5%—cabé; ACabi-caBé-cab%-cai-ca§; abg-ab?

i

\

s

‘cby + cbd; -cbx - cbd; -b

‘n order to apply Lie series formalism we now replace the system
(1 a, b, ¢) of three seeond-order differential equatiops by the fol-

rowing system of six first-order differential equations:
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taere we have used the following designations and abbreviations:;



o =
i
A é —
as well as
o
n
5

d11

d12

d13

d14

di6

d17

4o,

dss

d.23

d24

" dog

dyq

d31

d32

dz3

¢p

<De

4

o'lct o'f—

2 =32
3
. (7)
x = 2g
i, n, = 62
vh’_‘4 o (8)
N, , 5.8 = N3
2
B1)
- 02B1 - 1) . (9)
o2 |
11
(10)
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- 2 =2
dz, = cc(—BBb + B7(B; + B,))
d35 = B}cc- N (11)
1 cb 53
Aoy = =y dy = =S8 g . _ Sb_
36 ” I3 37 Ijb’ 38 I,

“ue formal solution of the system is given by:

tbw'ﬂ‘[ w“’f tQ“.Q_ o v o .
Zy=¢ "2 = ") oy D ZG-(G =1, 2, 3)
Q=0
ard .
. ESL Q
AN T o+1
45 = L. o D ZG , (12)
Q=0

How we attempt to derive'recurrence‘formulés'connééting higher-
= mowers of the D-operator with lower ones; for this’purpose

ve write DQ+zz in the following form:

o]
o e - 2 8
~0+2 Q¢ nl. C . nQ ) - - N
DSz, = D¥(D7ay) = DY, = DY o ngdg; + ) nydss) =
: i=1 1=
:E%: ¢ el Jio- @ty
= (31) {n n.D ji + D i D daly =
J,=0
]
< ”Q IR LI I IR |
R I DI RO N L NS IR
J.=0 s P 1 2 -
¥ 2
Q'J1 j1 Q'j1l ;
. D dji +D 'N.D | dji} ) (13)
. . ld . <
re 31 I 32 = Q
g=dy -
-p_ la...
- ji . .
Q"J1 Q—J1 -
D dyy = - (By.+B,) D cc . (14)
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J . .
-J J, dJ Ji=de_
e . p' §fﬁ_ 33) D 20 % (15)
J
5 J -1 . 1 s
j Je=1/= _ = J 36_ =1=dg
7% - 4p > (%2g) = ;53__( g ) D Pz (16a)
~ 6 5
3 3, =3e=1 __“5*__ J ==t dg 34mdg=1-Jg
2475 L 0T (e =5 Y et 5 6z, (16D)
J6

v;herej6éjs—1, G- 35 =1 -3 €erdg -3y - dg e (17)

Q"J1
D Ye:
Q-3 <=3y % 0~3; 55,2 Q- "
D 'dy,=-0D T - BD () +BD ( )()
. Q-J . ' s s
Q-Jd ™ o e-J J 1 Q J1 J
D 1%:}*_ j1)D3-€D 3% (19)
3 3
'3 1 571 3-1(%10'11{% ) =
D~ % =-D (-—225)—-D 5) =
Jz=1 . 1-
3.0 3z-1 o o1 d -
- Sy 4w Hp 2 4w 1z5) (20)
Cadi 34
"4
A 3, de_ 3,73
p 4By = ‘2'__(;1‘51)1) fp 4 “Op! (202)
Is5
Ja=1-3 . e
Jz=1=3,, _ — 4 Ja-1-3, Jg _4.3 Jp-dg
0 3 4(b 125) - > ( 3J 4)D b 3 4 7 (20b)
S ¢
~ja=J 1 _ 1,-1
DQ13—_D1b _p ! (bzs)..
1,-1
1 1,-1 1, 1,-1-1
== ( 1 )D 2bD | 225 (21a)
o |




D b=0D (bzs) = 2 (1 ) “bp " 2 (21b)
1, 2
1, -1 -1,% g, 34"%@, Jz = 1.-3, % (22)
- Q-] s s .
@4 § .2, o ¢=dy dz g e-dy-iz _p
D (5 e =2_..‘(j )D 7+ D 53 (23)
J3 3 _
J -
D 5% : see (19)
Q-J,=J 1 4 1 1,-1
T A
2
1, ,
D " c: see (16)
Q"j - _Q.:il Q-j J - Q-j -j
N DS Hhypdkypy U132 (25)
b i b
SR
Jz =
D 3% see (19)
Q"J-] 33 2 11 ,].;1 11 11 11—12
D ¢ =D (ec) = 2 (;)D'eDd ¢ (26)
Iy "2
1
D" c: see (16)
y -3, =2 -, 2 -
1 €=dq 3 R=dy ¢ e=dq 4-
P Gt T BDyaBD gD g (27)
; ¢=J
R-dy 62 Q=Jdy4 Iz 4 Q- Iz _2
Doy =2 (y0) $ D 3 (28)
J3 3
D 3—16 : see (20)
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(30)

(31)

(32)

(33)
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Q'J1 Q"j1 Q'J1
> f%éi D dyg = = D a,, o (40)
Q—j1 Q_j1 Q'j1 -2 ) Q°j1 - 2
D> dgyt D dp, = = ByD  (bB37) + ByD  (bbe”) (41)
R o-J . . R .
-Jy o 3 Q=34 Jz _. @343z _
D (bbc) = > ( ; o 3ebyp T T3 &2 (42)
I3 3
l .
D 52: see (24)
33 a3, damd, -
DI(bE) - T (ji) phpd 4y (43)
D4 b: see (21)
Jz=J
‘D 574 b: see.(21)
Q—J1
?—- i 0-J e=J
"""" 27dq 1 Tdq o '
D dyg = ‘31 D c see (16) : (44)
D d,.:
_____ 21
-1 _Q7dy
T D c: see (16) (45)
2
Q‘j1
D d,,:
.
——————— 317 e-d; Q- .
D dgp = - D d;, : (46)
Q'j1
D d,.:
ot
""""" - edy e=dy,. 2 @=dy -2 |
D 3+ B (be) - B, (b3%) (47)
Q-J
p %-' see (20)
Q-j1 2 S:;J Q'J1 j} Q—j1-33 2
D (be®) = > ( D “bD c (48)




i ¢-J J
"""""" T 18791 5
D ', =D =
17 12 b
. -3, _ .
Q-=Jq 3 <;_1. ¢-Jy
D 5=z § ( 3 )
J3 3
I3
D ” c: see (16)
Q=J,-1
p 1Ll gee (20)
S0y
> ',
m=me==m= Q-] Q=J
1 1
D d2‘l = =D b -
2=
D b: see (21)
Q_j‘] -2 .\_Q_-.-_J._l Q-J1 j
D bC = /‘ ( . )D
;%3
3
I3
D 7 b: see (21)
0-J, - Jz _
n T332 see (24)
u=J. ,
€ 1 2 \_GL Q"';"]
D (b ) = f’ ( j
J3 3
I3
D 7 b: see (21)
¢=Jq-d
D 13 6% see (26)
D ) G
mmmsm—mees (=] Q=J
1 1
D d22 = =D d11

(34)

(35)

(36)

(37)

(38)

(39) -



I3
D b: see (21)

D c?: see (26)
¢-J
D ! d33:
————————— Q_J»] 562 Q-J1 502 Q"J1'E Q-j1..
B,D T — - BD < -0 T =D d55 (49)
e=J4 §32
p 9%—- see (23)
Q=4 §0°
p h%—- see (25)
Q~J, 1
p %1 see (19)
Q"J»]
D d_,:
______ 34 . . T .
et Q-J‘] Q-J1 . 2 Q-J1 -2
D d34 = -BBD (ceb™) + B,D (ced™) +
Q‘j1 ‘_'_-_QM - -
+ B,D (cch®) S (50)
o3 - Q-Jds . . ..
¢-Jy _ o —1 e=dy Jz _ e=j,-]
D (ccd™) = 21~~(Vj 1)D 3‘(cc:)D T3 2 (51)
) Iz 3
Jz _, o
D “(cc): see (16)
l1 5 11 11 l2 11-12
D 'b° = 2;: (1) D “bD b (52)
2
T2
1 :

D 2 b: see (21)

-3y 0=y 3 _ Q=34
D (et = > (L) Dlesp 3 (53)

(54)




Q‘j1 a
D 35' . _.
---------- Q‘J1 Q J1 -
D dy5 = BsD  (c8) see (15)
e-Jy
D 936 .
""""""" Q—J1
D d36 0
Q-j1 a
P G -3
_ DQ 3y .1 DQ J1 cb
317 7 1, b
. Q=-J ;
Q-J - __“1 Q-J J
D 1-2% - B R
— N
. 33 72
3
D c: see (16)
e=J.=d2 =
p 173 % see (19)
Q=J, 1 Q71 3h
P %I, b
. Q-J .
03, == LTI (-5, g-3y-d
1 ¢cb 1
Fe2z (o 7
33w. 5
j -
D 3'% : see (19)
1,
D c: see (16)
J

The recurrence formulas for D

logy to the expressions presented above.

o'|ot

L otlo

1Ni (i=1,2,3) can be derived in

(55)

(57)

(58)

(59)

(60)

ana-

(61)



N 35-
: see (16), D7

D

4 b: see (21)

b: see (21)

iz Jq=d
) D 3a.,, D 7 2,3

ab) - DJB(Ea) + D°3(cab)

Q

B 3. de-d
5y 374 5 3 04,

(62)

(63)

(64)

(65)

(66)

(67)
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Jn=3J Jo=d
02 P a --02 .-
°3 3, Y4
4
J ' - dp=dz-d
D4 i: see (69,70); D 273 %4y see (21)
3y Sk N PR 3y-is
D (a22é3) =£____(33) D 20 D 3
I3
3
p 2 a,,: see (65)
Jq-3 Jq=3
D' P e, - 2(2,5 + z¢) -
91795 5.3, 3, dp-d-d
< ,91 , 1
=> _“( ; 5 4z4D 5% g e
J 4
4
Jq=3z=3,_ . . )
D710 see (21)5 9, ¢ oy dy-dg o
J1 J J1 35 1-35
D (aZBQ) = _(35)D 23D >
I3
D a,3: see (13)
R, B!
p ! > =D ! 3(2451} - z50) =
Jq-d :
__.1____.5 31’33 i'J“ 33 - 1 J}
= 5 ( 3y ) kD (z4cb) + D (250)}
4
Jy=dz s : L.
=J - 1 3 J,=dzx de _  Jq=dz=d
I N N GRS PTG PRI

Jq=3
1773,

32733 5 5. 3, domia-d,
v~—-§( 2703y YAz 293,

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)
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J Je-J
D 6 c: se?r(16); p o6 b: see (21) (84)
o damia . . . .
Jq=3d L 2 PR E Jy=dz=Jd
D 5(z50)=\: (; 3)1)4z51)1 >4 (85)
g ,4
J
D4 c: see (16) ’ (86)
: : J, = ¢
5y 4
D N
D Ny =D ((Bagjazs - aygay3) T31 +
+ 20(7,8,,8 - T3a239:)j (87)
. 3. - . .
Jq —1 3 J Jq=d
D (aga55) - 2 (J;) D7 ay 0! ey (68)
, 3 ’ :
h 3 . J j hEER
D% ay, = D 7(cb) = 5‘5 (()pden? (89)
T4
4
I J37d4 “
D" c: see (16); D b: see (21) (90)
Jqi-3
1
D 3 az3i 8€v (64) : . (91)
iy, L R PR Jqy=ds
D (a22a23) = >J A (3.3) D~ a,, D 253 (92)
3
31-3
D 5 8,3: see (73) | S (93)
j :
p° 85,1 see (66) (94)
D (a2103) = (J. ) D “a,,D 6 (95)
o Iy 4 ‘
93794 o
D 65: see (77) (9¢)
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it
t\/ .
. Cu
U
~—

J 23 1
33 3
J
p? 8,37 see (73)
3,=3 R P
D 13 G1 =D ! 3(Z4Cb + ZBC) =
J, =3 -J
=D 3(z4cb) +D 5(ZSE)
Ji=dz .
Ja=3 S1.%3 3.3 Ja=J Ja=dz=J
D 3(z cb) = > [EREDY MR N 4(cb)
4 Ity 4
4 31_33 Z Q
1
Ji=3z=J 1 1 1, 1. 1,-1
1,
1 S 1,-1
D" c: see (16); D b: see (21)
. . Ja=3 . . .
Jq-d - 1 "3 F,-3x 3 J,=Jz-3
D 3(zsc) => ('1 3) 4a,p 1 73 T4 3
3 J4 5
4 | |
. . I3 J4 i} Q
J1-33-J4 -

D c: see (16)
J J
1 1 >
D N, = -
3 =D {(3331@32 8548pp) W Ty +

)
+ 2u>(:?ja2192_+ T2a22é1?j

(97)

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)
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) 3 R 1 4 J Jq=d

D (agy355) = ;_(:15) v ey 0 g (108)
5
J Ja=dz
D2 83q: 866 (89); D 13 az,: see (63) (109)
iy LA PR 343,
D ' (ayyap,) =2 _ (j,) D7 apy D7 ayy (110)
j 3q-3 |
D 5 3-21: s€e (97); D ! 2 322; 366(65) (111)
I ‘ Ji 1y I3 91793
D (a21G2) =/ v(‘_j ) D7 a,, D 8, (112)
Iz 3

3z . 3y-3
D> 8,41 see (97); p ! 3 0,: see (81) _ (113)
39 vJJ 3y, 33 3ymiz.
D' (apy ) = 2 (5) D7 ay D ] (114)
J . Jq-
D> a,,% SE€ (66); D 13 8,: see (101) (115)

The above recurrence formulas are identical with those of the circular or-

bit. In the case of'ellipticforbits additional recurrence formulas have

to be derived for the expression TJ1N11:(1 = 1,2,3)
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In this case,essentially for the following expressions recurrence

formulas have to be derived:

Dj1 (a, 4, ) and Dj1 a2
ik*1n’/ # ik’
Where i, k, 1,n==1, 2’ 3
J
12
2 tu i
p1a2 S ( ) 02, 1 2.,
Bk T L J2 ®ik ik’
JIp
for a. ik’ however, recurrence formulas have already been
derived.
J sy
D" (o5 1n)
J . .
1 J J PR
Dagdyy) =2 o (5) D7 ey D 21n
B 2
j -~
3
ey
j} \-)3 - - - _ e
D~ a, =D (-caz, - caz, - cabz, - cabz4 + cabzs) =

- - -

[}

J J J
~-D 3(c5z6) - D 3(Eaz4) -D 3(Eaf)zé) -

3 j

-D 3(05524) + D 3(cabzs) (116)
. 3 . . .
da . hi b R FE
D 7(cizg) = Z_j_‘_( 32) D 4(ed) D0 T4 2 (117)

g

i, J ; 3,-3
n4(ca)=<‘i(35)n5cn45a (118)

s

I
D 7 c: see (16)




_ j . . o

J J J Jz—3
D3(aaz4)=}i (:>) 04 (Ga) D2 424; (119)

34 4 _

. i . : o

J J 0 3 Jimde :
D4(Ea)=i(j;)DSED4 5 C (120)

J . :
5

. 3 . . . .
J _ . J h D P S
D2 (Babay) =Zf_ (33) D% (3a) p 2 "H(Bz) (121)
5 s o
L SN P PRI SOt FE
D 4(Ea) = > (32) D204 0 a (122)
J
5

Jg=3
D40 a: see (68)
Ja- .
- dz=J J dz=d =Jd
p > 4 (Bzg) ( g Y p2pp P 4TS 2 (123)
I >
Jg_
D “b: see (21) 8.5.0.
I3 3
In analogy to D 511 recurrence formulas for D &1n

(1, n = 1,2,3) can be derived.
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Conclusion.

In the present'caicuiations we neélected the contributions
of F, (drag force), F3 (force caused by radiation pressure), F4
and Fg (forces caused by the gravitational field of the sun and
the moon, respectively) and some additional forées, which may
influence the motion of the satellite (magnetic field, eddy
current, e.t.c.). If F2 and 35 are holomorphic, recurrence for-

mulas can also be derived for these functions(under certain con-

and F. can be treated in analo-

p)

ditions at least). The forces F,

gy to the force Fge'
As mentioned in Rep.14, possibly recurrence formﬁlgs are
not the most useful tool for numerical computations. We have,
however, successfully used such formulas for various groblémé
/1-4, 6-7/, but there are hints that another iterative method
(developed by H.Knapp /5/) ié more advantageous if high accuracy

is required.
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